Abstract. We show that if f(z) = P 1 i=0 a i z i (the series having radius of convergence R) then for any n n matrix A with spectral radius less than R and any norm k k on the space of n n matrices
(the series having radius of convergence R) then for any n n matrix A with spectral radius less than R and any norm k k on the space of n n matrices kf(A) ? We also show that expressions for the error in numerical integration rules can be generalized to matrixvalued functions. The main point of the paper is that in these two cases it is not necessary to increase the bound by a factor depending on n when generalizing an inequality for scalar-valued functions to n n matrix-valued functions.
Key words. Matrix-Valued Function, Truncated Taylor Series, Numerical Integration AMS(MOS) subject classi cations. 65D30, 15A45 Let M n denote the space of n n complex matrices. Let ( ) denote the spectral radius and let tr( ) denote the trace on M n . In this paper we show how some bounds for scalar functions can be generalized to norm bounds for matrix-valued functions without introducing a factor depending on n (the size of the matrices). The technique depends on using the dual norm to reduce the problem to the scalar case.
Given a norm k k on M n we de ne its dual (with respect to the inner product trAB ) by kAk D maxfRe tr(AB )] : kBk 1g:
It follows from this de nition that for any A; B2 M n jRe tr(AB )]j kAk kBk D : (1) The duality theorem for norms (see e.g., 2, Theorem 5.5.14]) states that (k k D ) D = k k and, consequently, kAk = maxfRe tr(AB )] : kBk D 1g: (2) Our rst result deals with the approximation of f(A) by its truncated Taylor series. Corollary 2 improves the bound in 1, Theorem 11.2.4] by a factor of n in the case of the spectral norm.
When we say that f is k + 1 times continuously di erentiable we mean that each of the functions g ij (t) = (f(t)) ij ; i; j = 1; : : :; n, is a k + 1 times continuously di erentiable function of the real variable t. (tA)dt (6) (using for example the method outlined in 3, pp. 444-5]) and then taking norms.
Our next result deals with the error in approximating the integral of a matrixvalued function by a sum. In the case of the spectral norm it improves on the bound in 1, Equation 11.2.7] by a factor of n. See 4] for an application of this bound. We omit the proof of this result as it can be reduced to the scalar case by the same technique as was used in the proof of Theorem 1. Note that in Theorem 3 we have not assumed that f is of any special form, but merely that it is su ciently di erentiable. For example, one can x X; Z2 M n and take f(t) = e ?tX Ze tX as in 4]. Alternatively, one could x X2 M n and de ne the i; j element of f(t) by f(t) ij = e tx ij .
